An exact CKM matrix related to the approximate Wolfenstein form 
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Noting the hierarchy between three mixing ang les, 02,3 = O{0l), we present an exact form of the 
quark mixing matrix, replacing Wolfenstein's approximate form. In addition, we suggest to rotate 
the unitarity triangle, using the weak CP phase convention where the phase is located at the (31) 
element sin 9\ sin 62 e tS while the (13) element sin 61 sin 83 is real. For the (ab) unitarity triangle, 
the base line (i-axis) is defined from the product of the first row elements, ViaV*),, and the angle 
between two sides at the origin is defined to be the phase 5. This is a useful definition since every 
Jarlskog triangle has the angle S at the origin, defined directly from the unitarity condition. It is 
argued that 5 represents the barometer of the weak CP violation, which can be used to relate it to 
possible Yukawa textures. 
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I. INTRODUCTION 

The 50 years old quark mixing [l| is the key for strange 
particles to decay and for the weak CP violation to be 
realized in the standard model (SM) Existence of 

CP violation is one key element for baryon number gener- 
ation, the baryogenesis. At present, however, we cannot 
relate the weak CP violation, satisfying 'baryon number 
conservation', to the CP violation needed for the baryo- 
genesis employing 'baryon number violation'. Neverthe- 
less, the weak CP violation study might hints physics 
far above the electroweak scale and hopefully to the CP 
phase appearing in the baryogenesis. This may come by 
observing a deviation from the SM prediction or comple- 
tion of the weak CP violation in an ultraviolet completed 
theory beyond the SM. In any case, completing the SM is 
achieved by the complete determination of the quark and 
lepton mixing matrices, and hence determining the mix- 
ing matrices in terms of an exact form is of fundamental 
importance. 

The original Kobayashi-Maskawa (KM) model for 
weak CP violation in the SM is represented by the KM 
unitary matrix VckmEI The Cabibbo angle sin6>e7, the 
(us) element of Vckm, is known to be small but not 
too small, ~ 0.23, and hence can be a good expan- 
sion parameter. A decade after the KM matrix, Wolfen- 
stein expressed the matrix elements in terms of powers 
of A ~ sin 8c 0] • The Wolfenstein parametrization intro- 
duces four parameters as required: three real parameters 



A, A, p, and an imaginary parameter ir\, 
VWolf = 

\AX 3 (l-p 

+ 0(A 4 



l-A 2 /2, A, A\ 3 (p-iri) 

-A, 1 - A 2 /2, AX 2 

AX 3 (1- p-irj), -AX 2 , 1 



(1) 



which is very useful in fitting the weak CP violation 
data @. Even though the imaginary number ir\ is in- 
troduced, it is not a phase. If any parametrization is 
introducing an invariant phase, a unitary transformation 
should not change its determinant. The determinant of 
the original KM matrix has a phase @, while the Chau- 
Keung-Maiani form does not have a phase [H, H| . If the 
phase is present, it is related to the phase of the quark 
mass matrix, Arg.Det.M g . This can be rotated away 
if there exists the Peccei-Quinn symmetry Q. If there 
is no Peccei-Quinn symmetry, one may resort to calcu- 
lable vacuum angle (6* WO ak) models [1] where one starts 
with Arg.Det.Mg = 0. Therefore, the determinant of a 
well-defined quark mixing matrix better does not have a 
phase. 

A posteriori, the (13) and (31) elements are known to 
be very small C(A 3 ). Also, it is known that the third 
generation is needed to have the weak CP violation. In 
addition, specifically, if either the (13) or (31) element 
is zero, there is no CP violation. In general, if any one 
element among nine elements of the CKM matrix is zero, 
then there is no weak CP violation since one can find 
an appropriate phase redefinition such that all the CKM 
elements become real. In the Wolfenstein form, the prod- 
uct of (13), (22) and (31) elements, appearing among six 
terms of the determinant, is a barometer of CP violation, 



1 Wc use 'CKM' to represent any unitary quark-mixing matrix and 
'KM' for the Kobayashi-Maskawa form of Ref. Q. 



A 2 XWp 2 + *?V(! - P) 2 + v 2 e~ l{Sb+5t) (2) 
where tanJj, = rj/p and tan<5 t = 77/(1 — p). But in the 
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Wolfcnstcin form, the case (13) or (31) element vanishing 
is not parametrized by one parameter. Therefore, there 
is a need to parametrize the weak CP violation in a better 
form where vanishing of one parameter makes either (13) 
or (31) element vanishing. In fact, Qin and Ma (QM) 
realizes this scheme which is identical to the Wolfenstein 
form with the QM phase interpreted by those of Eq. ([2} , 
Sqm = 5b + St [9(. In these A expanded forms, the weak 
CP violation occurs at order A 6 . 



II. INVARIANT CP PHASE 

When we calculate the determinant of the approximate 
quark mixing matrix, the CP phase appears at order A 6 . 
Therefore, to keep track of the CP violation under dif- 
ferent definitions of Vckm, we must consider the phases 
appearing in the higher orders as denoted below. Let us 
consider a modified Wolfenstein form so that the mag- 
nitudes of (13) and (31) components are represented by 
\ 3 Kb and A 3 K t . By one parameter, Kb — or n t = 0, the 
(13) or (31) element becomes zero. Since vanishing of 



(13) or (31) element leads to no weak CP violation, it is 
a useful representation. In addition, if all the elements of 
Vckm are real, there is no weak CP violation. Therefore, 
for the weak CP violation, taking an imaginary part is 
essential. The test is provided by the six contributions in 
the determinant of Vckm- Obviously, if all six terms in 
the determinant are real, there is no CP violation. Even 
though the whole determinant is real, the complex indi- 
vidual parts describe the existence of CP violation. A 
similar trend is observed in the decay of a particle: due 
to the CPT theorem the total decay rate and mass of the 
antiparticle is the same as those of the particle, but the 
individual decay rates can be different for a particle and 
its antiparticle. Thus, one component among six of the 
determinant entries, i.e. V 3 {V 22 V\ 3 is the barometer, as 
proved below. So, it is convenient to put the phase at 
one place among the (13) and (31) elements. We suggest 
to put the phase in the (31) element, \ 3 Kte lS . Then, the 
weak CP violation is absent if Kb = 0, or Kt — 0, or S = 0, 
as anticipated. In this form, the Jarlskog determinant is 
KbKt sin S. Therefore, we suggest a modified form from 
the Wolfcnstcin and QM parametrizations, valid up to 
0(A 6 ), 
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Note that our A is the whole element of V12. From 
the absolute values of (11), (12), (13), and (31) en- 
tries (\V ud \, iKtsI, \V ub \, |V td |)and the ratio \V u b/V t d\ of 
the measured CKM matrix [6| , three real parameters are 
determined by the quadrature, 

A = 0.22527 ±0.00092, 

Kt = 0.7349 ± 0.0141, K b = 0.3833 ±0.0388, (4) 



where we also included the phase determined by the 
shape of the (13) Jarlskog triangle 00 

Here, we note that row 1 or column 1 has a hierar- 
chy of 1, A, and A 3 . These boundary row and column 
are parametrized by 83 and #2 , respectively. Therefore, 
assuming the hierarchy of angles, 62.3 = O(0\) : the ap- 
proximate unitary matrix ([3]) is converted to an exact 
unitary matrix, 



8 = 89.0° ± 4.4° 



J 



Ci S1C3 S1S3 

-iS a — id c 



Vks = -C2S1 e ld s 2 s 3 + C1C2C3 - e ld s 2 c 3 + Cic 2 s 3 (5) 



-e lS Sis 2 - c 2 s 3 + ciS 2 c 3 e' lS c 2 c 3 + cis 2 s 3 e lS 



2 In this paper, 'Jarlskog triangle' is used for C(A 6 ) triangle of Fig. 
[T]while 'Jarlskog determinant' Jjkg for that not including A 6 . 
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43 ^31^3*3 

S3 sin 5 



SlS 2 C 2 Cs 

- A — n, T A I 

V3lV? 3 

FIG. 1. The unitarity triangle for (V^ s Vks)3i- 



where = sin#i and Cj = cos^. The approximate pa- 
rameters A 2 Kt and \ 2 Kb turn to exact parameters S2 and 
S3, respectively. We determine 6\ from |V^d|j $2 from 
\V US \ and |Kb|, and 9 3 from |F t< j| and |V td /K fs |, 

61 = 13.0305° ± 0.0123° = 0.227426 ± 2.14 x 10~ 4 , 

62 = 2.42338° ± 0.1705° = 0.042296 ± 2.976 x 10~ 3 , 
3 = 1.54295° ± 0.1327° = 0.027567 ± 2.315 x 10~ 3 , 
5 = 89.0° ±4.4°. 

(6) 

Let us now scrutinize the determinant. The determinant 
is real, but its six elements are complex, 

^11^22^33 = c\c\c\ + c\s\s\ + 2ciC 2 C3S 2 S 3 COS 5 



ciC2C 3 sls 2 s 3 e lS 



-Vi\V2 3 V 3 2 

V12V23V31 
-V12V21V33 

V13V21V32 
-V13V22V31 



2 2 2 

s 1 s 2 c 3 

2 2 2 

s 1 c 2 c 3 

2 2 2 
S 1 C 2 S 3 

2 2 2 
S 1 S 2 S 3 



t -l a 2°3 
CiC2C3S 2 S2S 3 e 1 ' 5 

CiC 2 C 3 sls 2 S 3 e lS 

CiC2C3SiS2S3e l5 

CiC 2 C 3 sls 2 S 3 e lS 

- CiC 2 c 3 sls 2 s 3 e lS . 



2C1C2C3S2S3 cos S 



(7) 



If every element is real, there is no CP violating weak 
processes. Note that each element of Eq. (J7J has an 
imaginary component ±ciC2C3sf S2S3 sin 5 which is the 
real barometer of the weak CP violation. The Jarlskog 
triangle of Fig. [JJ is obtained by the following entries of 
Eq. © 



Cl 



V KS 



-e lS S\S2 x 



SlS 3 

x 

C2C3 + cis 2 s 3 e 



(8) 



iS 



A Kf 



X 4 K b 13 
(a) 



X 5 K b K t 
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(b) 



FIG. 2. The unitarity triangles for (a) (V^s^s^ 2 an ^ (P) 



which gives the imaginary part of —^11^3^31^3 as 
the area of the parallelogram J = ciC2C 3 s\s2S 3 s\n.5, as 
shown in Fig. [TJ If there is no imaginary part, there is 
no weak CP violation. Figure [TJ showing this imaginary 
part, is twice the (db) unitarity triangle and its area rep- 
resents the nature of weak CP violation. It is 0(X 6 ) times 
the Jarlskog determinant [13]. The (13) = (ub) element 
of Vks is the base line, due to V\\ ~ 1, of the unitar- 
ity triangle, and (31) = (id) element, due to V33 ~ 1, 
defines our CP phase S. In this sense, the magnitude of 
the phase S defines the significance of CP violation in the 
whole theory, i.e. the significance of CP violation in the 
SM. 

We can show that the same area J also result from the 
(sb), (ds), (ut), (ct), and (uc) unitarity triangles p~oL fTTI] . 
For the (sb) and (ds) triangles, they are shown with the 
approximate form, Eq. ©, in Fig. [21 As shown in Figs. 
[JJ and [2[ we suggest to rotate the conventional unitarity 
triangle so that the base line is real, i.e. the (13) element. 

The weak CP violation is proportional to the length 
squared X 6 KbKt (the product of two side lengths). For the 
same side lengths, the area of the parallelogram is pro- 
portional to sin S. Therefore, 6 is really a good barometer 
of the strength of CP violation. Now, we can convinc- 
ingly state the maximality of weak CP violation since the 
combined fit shows 8 ~ 5 
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III. YUKAWA TEXTURES 



matrix is given by 



The maximality of CP violation can be related to the 
Yukawa texture. Discrete symmetries have been consid- 
ered for generating the CKM matrix from a theoretical 
point of view [12 1. 

The diagonal mass matrices, and under the 

mass eigenstate bases u^ mass ^ = (u,c,t) T and d( mass ) = 
(d, s, b) T , are 



Vks = L (u) £ (d)t . 



(11) 
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(9) 



where u,c,d and s are four real parameters of 0(1). This 
mass matrices are obtained from the weak eigenstate 
mass matrices and by bi-unitary transforma- 

tions, 

jftM = r(^M {u) L {u \ M {d) = R^M {d) L {d) (10) 

where i?( u )>( d ) and are unitary matrices used for 

the R-handed and L-handed quark fields. Our mixing 



Jarlskog achieved subtracting the real part of entries 
of Eq. by defining a commutator of mass matrices 
0, 



-i[L^M {u) L {u \L^M (d) L {d) l 



C 



Det. C = i(e i& - e" i5 )cs n t ti b A 12 . 



Then, the Jarlskog determinant is 

-Det.C 



2F C F S 
where 

F c = (mt - m c )(m t - m u )(m c - 
F s = (m b - m s )(m b - m d )(m s - 



m u )/m t 
m d )/ml 



cA 4 
S A 2 . 



(12) 



(13) 



(14) 



From Eqs. ([3]), ((9]) and (fl~3]) . note that Jjk g is the par- 
alleogram area J of Fig. [T]devided by A 6 . 

The Vckm does not depend on the choice of unitary 
matrices of the R-handed quarks. So, to glimpse the 
defining form of the Yukawa textures, choosing two sim- 
ple cases = 1 and R^^ = Z»>( d ), we estimate 
the following u-type and <i-type mass matrices: 




Equation (fT5|) has six zeros and Eq. (|16|) has four zeros. 
These may be helpful in finding the underlying symme- 
tries of the Yukawa texture. However, the existing tex- 
tures [HI do not include the forms of Eqs. (jT5j) and (IT^l) . 



IV. CONCLUSION 

In conclusion, we obtained a very useful exact form for 
the quark mixing matrix which can replace the Wolfen- 
stein form in fitting the flavor physics data. We also 
suggest to rotate the unitarity triangle so that two sides 
and the angle between them are read directly from the 
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mixing matrix. This exact form can lead to a clue to the ACKNOWLEDGMENTS 
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